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ABSTRACT. We discuss a gap in Besse's book 1 1 1, recently pointed out by Merton in 1 6 |, which 
concerns the classification of Riemannian manifolds admitting a Codazzi tensors with exactly 
two distinct eigenvalues. For such manifolds, we prove a structure theorem, without adding 
extra hypotheses and then we conclude with some application of this theory to the classifica- 
tion of three-dimensional gradient Ricci solitons. 
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1. Introduction 



For n > 3, let (M n , g) be a smooth Riemannian manifold and consider a Codazzi tensor T 
on M n , i. e., a symmetric bilinear form satisfying the Codazzi equation 

(V X T)(Y 1 Z) = (V Y T)(X,Z), 

for every tangent vectors X, Y, Z. 

In the book Einstein Manifolds [l], by Besse, it is proved that if a Riemannian manifold 
(M n , g) admits a Codazzi tensor T such that at every point of M n , T has exactly two distinct 
eigenvalues, then 

• if the constant multiplicities of the two eigenspaces are larger than one, (M n ,g) is 
locally a Riemannian product, 

• if the above multiplicities are respectively 1 and n— 1 and the trace ofT is constant, then 
(M n , g) is locally a warped product of an (n — 1) -dimensional Riemannian manifolds 
on an interval of R. 

For more details, we refer the reader to discussion 16.12 in [TJ. 

Before showing this result, Besse states "... a similar argument works without this hypothesis 
[that trace ofT is constant]". Recently in (6), G. Merton provided a counterexample to the 
local warping structure, showing that the last Besse's statement is false. In |6|, he also dis- 
cusses some possible extra hypotheses, weaker than trace ofT constant, under which the local 
warped structure can be obtained. 
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Our goal here is to describe, without adding extra hypotheses to Besse's statement, what 
is the local geometric structure of a Riemannian manifold admitting a Codazzi tensor with 
exactly two distinct eigenvalues. Essentially, one has that the manifold may present zones 
where it is a warped product on a interval and zones where it is not. In this latter case, it 
turns out that the manifold admits a local totally geodesies foliation. This is the content of 
our Theorem l2.il 

In Section |3l we will give an example of a Riemannian manifold where both the situa- 
tions (local warped product structure and local totally geodesies foliation) described in our 
structure theorem are present at the same time. 

Finally, in the last section, we will show how this Codazzi tensors theory can be applied 
to the classification of gradient Ricci solitons. 

Acknowledgments. The authors are partially supported by the Italian project FIRB-IDEAS "Anal- 
ysis and Beyond". 



2. Codazzi Tensors with Two Distinct Eigenvalues 

In this section we present the statement and the proof of our main theorem. 

Theorem 2.1. Let The a Codazzi tensor on (M n , g), with n > 3. Suppose that at every point ofM n , 
the tensor T has exactly two distinct eigenvalues p and a of multiplicity 1 and n — 1, respectively. 
Finally, we let W = {p G M n | da(p) ^ 0}. Then, we have that 

(1) The closed set W = W Li dW with the metric g\^ is locally isometric to the warped product 
of some (n — \)-dimensional Riemannian manifold on an interval ofM. and a is constant 
along the "leaves" of the warped product. 

(2) The boundary of W, if present, is given by the disjoint union of connected totally geodesic 
hypersurfaces where a is constant. 

(3) Each connected component of the complement ofW in M, if present, has a constant and it is 
foliated by totally geodesic hypersurfaces. 

The (n — l)-dimensional tangent subspaces to the above warping hypersurfaces at point (1) and to 
the totally geodesic hypersurfaces at points (2) and (3) are the eigenspaces ofT with respect to a. 

Proof. Since the Codazzi tensor T has exactly two distinct eigenvalues p and a of multiplicity 
1 and n — 1, respectively, we have by Proposition 16.11 in [1 ] that the tangent bundle TM of 
M splits as the orthogonal direct sum of two integrable eigendistributions: a line field V p and 
a codimension one distribution V a with totally umbilical leaves, which means that the second 
fundamental form h of each leaf is proportional to the metric g a , induced by g on V a . 

To fix the notations, we will denote by V the Levi-Civita connection of the metric g on M n 
and we recall that the (scalar) second fundamental form of a leaf L of the codimension one 
distribution V a can be defined as 

h(X,Y) = -g(V x Y,u), 

where X and Y are vector fields along L and v is a choice of a unit normal vector field to L. 
The fact that L is umbilical means that, for every couple of vector fields X, Y tangent to L, 
we have 

h(X,Y) = J?-f{X,Y), 
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where H, the mean curvature of L, is defined as the trace of h with respect to g° ' . 

Since n > 3, we have that the codimension one distribution V a has dimension strictly 
bigger than one. Thus, we infer from Proposition 16.11 in (H that the eigenfunction a must 
be constant along the leaves of V a . In particular, whenever da / 0, the leaves of V CT are locally 
regular level sets of a. 

To proceed, we fix a point p £ M and we consider a local coordinate system . . . , x n_1 ) 
adapted to the leaves of V a on a neighborhood U of p. This means that d/dx° € V p and 
d/dxi G F CT , for j = 1, ... ,n — 1. In this chart, the unit vector field v = (9 / 'dx°) j \fg~oo is 
normal to any leaf of the distribution V a and since the two eigendistributions are mutually 
orthogonal we immediately get goj = and Tqj = 0, for j = 1, . . . , n — 1. If L is the leaf of V a 
through the point p, the second fundamental form of L about p and the umbilicity condition 
can be written as 

ha = -<V a £j,u) = -<V a ^,^>/v^ = -r&Vfld^-^rsS-, (2.D 
for i, j = 1, . . . ,n — 1. 

Denoting by V 7 the Levi-Civita connection of the induced metric g° ' , the Codazzi-Mainardi 
equations (see Theorem 1.72 in [lj) read 

Using the umbilicity property d2.1|) of L and tracing the left hand side of equation (|2.2I) with 
the inverse of the metric {g a ) l „ = g lk , we get 



Tracing also the right hand side, we get 

n-2 



n-2 



n — 1 n 



/? _ T 5 i H = /{M^aiO = Ric(^7,^) = Hi%-/VSto. ( 2 - 3 ) 

as g 1 * = when i > 1 and ( Rm(^ T , ^7) , ^ ) is equal to zero if £ = A; = 0. 

Now, it is a general fact (see Corollary 16.17 in [1]) that every Codazzi tensor T commutes 

with the Ricci tensor, that is, g^T^Ric/j = g kl RiCikTij. In particular, 

pRicoj = g kl T ok Ricij = g kl Ric ok Tij = a g kl Ric k9ij = crRic j, 

hence, Ricoj = for every j = 1, . . . , n — 1, as p ^ a in XJ. We conclude by equation H2.3D that 
the mean curvature H is constant along every connected component of L, hence, the same 
conclusion holds for any leaf of V a . 

Next, we recall from Proposition 16.11 (ii) in [lj that the eigenvalue a is constant along the 
leaves of V a , thus, in our local chart, it only depends on the x° variable. Moreover, by the 
same proposition, one has that 

H=— (2-4) 

p — a ax u 

From this we deduce that the connected component of the V^-leaves through critical points 
of a are minimal and by the umbilicity they are also totally geodesic. This gives the descrip- 
tion at the point (3) of the (possibly non present) interior of the set where da = 0. 

We pass now to consider the open set W C M given by the complement of the critical 
points of a in M. We are going to prove that p is locally constant on the connected component 
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of the V^-leaves which are sitting in W. To see this, it is sufficient to take the (coordinate) 
derivative of both sides of relation (12.4b with respect to x\ for j = 1, . . . , n — 1. This gives 

1 dp da 1 d 2 a 1 <9p <9<r 

5 (p — <r) 2 9a;-? <9x° p — <r dx^dx (p — a) 2 dxi dx° ' 

where we used the symmetry of the second derivative together with the constancy of a along 
the V^-leaves. Since in our coordinates da = doadx and da ^ in W, the claim follows. To 
conclude, we observe that the boundary of W (if any) can be described as a suitable union 
of connected component of level sets of a. By continuity the eigenvalue p must be locally 
constant also on dW. 

To show that g has a warped product structure on W = W U dW , we first observe that 
the condition djp = 0, for j = 1, . . . , n — 1, combined with [1] Proposition 16.11— (ii)], implies 
that V p is a geodesic line distribution in W. This means that V ' v v = 0, which easily implies 
Tg = 0, hence <9j<?oo = 0, for every j = 1, . . . ,n — 1. Equation (|2.1|l then yields 

^ _ 2(H/^ 



dx° iJ n-1 

Since H and 500 ar e constant along V^, one has that 

-(x ,...,^- 1 ) = ^°)^(x ,...,x"- 1 ), 



for some function (p depending only on the x° variable. Setting tp(x°) = dtp/dx°, one has that 
e~^gij does not depend on the x° variable. Thus, for every i, j = 1, . . . , n — 1, we can write 



9ij(.^ , ■ ■ ■ ,x ) — ^ Gij(yX , . . . 



for some suitable functions Gij . This prove that g has a local warped product structure in W 
and the proof is complete. □ 

Remark 2.2. If the metric is analytic and the Riemannian manifold (M n , g) is connected, the 
presence of an open set where a is constant implies that everywhere a is constant and da = 0, 
hence W = 0. In the opposite case W = M n and the totally geodesic hypersurfaces (where 
a is constant) whose union gives dW are locally finite. 

Hence, in the analytic case we have a dichotomy: either the whole manifold is locally a 
warped product or it is globally foliated by totally geodesic hypersurfaces. 

3. An Example 

We show now that actually the two situations described in Theorem 12.11 can be both 
present in a Riemannian manifold if the metric is only smooth but not analytic. 
We follow the line of Merton ]6]|. 

Let M = R x §' x S 1 be endowed with the Riemannian metric 

g(t, x, y) = (a(t) - p(t, x, y)) ~ 2 dt 2 + adx 2 + ady 2 , 

where a : K — > M + and p : M — > M are smooth functions, such that: 

• The function a is monotone increasing from 1 to 2, with a' > 0, in the interval 
(—00, —1), constant equal to 2 in the interval [—1,1] and again monotone increasing 
from 2 to 3, with a' > 0, in the interval (1, +00). 

• The function p is equal to 3a when t € (— 00, —1] or t G [1, +00), for every (x, y) G 
S 1 x S 1 . 
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• For t G (— 1, 1) and every (x, y) G S 1 x S 1 , the function p is nonconstant on the leaves 
{t} x S 1 x S 1 , in particular it cannot be three times the function a. 

We then define the (l / l)-tensor T as follows 



and we will show that T is a Codazzi tensor. 
The (0,2)-version of T reads 




^■W ~ 9yy — a 

and all the other components are null. 

The Christoffel symbols of the metric g are given by 

T\ t =-{o-p)-\o>-ckp) 
T\ t =-a- 1 {a-p)-*d iP 

r*« = (a-p)- 1 ftp 



Y) t =a-'a'5)/2 
Y%=-{a-p) 2 a'5 ij /2 
4 = 0, 

where the indices i, j, k can only be x and y. 
Thus we compute (we skip the trivial checks) 



^ y^xx V^Tya; — dyd 2T X pT X y + TypY^. x + T xp T X y 



= 



VjT^ — V x T ia; — dt<J z 



* ± Xp 1 - xt tp L XX * ^ Xp 1 - xt 



= 2aa' -a 2 T x xt + ^_^ xx 

= 2aa' - aa'/2 - a'p/2 
= (3a - p)a'/2 



P 
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V^Ttt - V t T xt = d x \ T^ZT^ \ ~ 2Ti P r £; + T ^p r « + T *p r zi 
d x p 2pd xP _ p t 2 

~r ~ — ~, ~ L It ~r <J A tt 



(P-P) 2 {O-P)* (°-p) 2 ^ 

d x p 2pd x p pd x p od x p 



(cr-p) 2 (d-p) 3 {cr-pf (cr - p) 3 
= 

VjT^ — v x itj, = — T-rpr^ — T^r^ + Typr^,. + t^t^ 

= -o J- *„ + 



v^Tyj VyT x j — Tj, p r^, T( p r^ + t^t^ + Tt p r^ 
= - a 2 ry tx + a 2 rf y 

= 0. 

Hence, by our choices for the functions a and p, the tensor T is a Codazzi tensor. 

It is easy to see that in the zone where a is nonconstant, the manifold is a warped product 
on a interval of R, instead, in the zone (—1, 1) x S 1 x S 1 , if the function p is suitably chosen 
nonconstant on the leaves {t} x S 1 x S 1 , it can be checked that (M, g) is not a warped product 
on an interval (actually, in this example, it is incidentally a warped product on S 1 x S 1 ), see 
the careful analysis in [6|. 

Hence, the two situations described in Theorem |Z1] are both present in this example. 

4. THREE-DIMENSIONAL GRADIENT RlCCI SOLITONS 

Let (M 3 ,g) be a three-dimensional gradient Ricci soliton, that is a Riemannian manifold 
satisfying the equation 

Ric + V 2 / = A 5 (4.1) 
for some smooth function / : M 3 — > R and some constant A S R. 

Lemma 4.1. On every three-dimensional gradient Ricci soliton the tensor 

T = (Ric - ±Rg)e~ f 

is a Codazzi tensor. 

Proof. Let (M 3 , g) be a three dimensional gradient Ricci soliton satisfying equation (|4.1|l and 
let 

Tjj = (Rjj — 2^9ij) e • 
We want to prove that T is a Codazzi tensor, i.e. we have to show that 

VfcTjj — VjTjfc , 

for every i,j,k = 1,2,3. One has 

VfcTy - VjT ik = [VfeRjj - VjR ik - |(VfeR3y - VjR&a,)] e _/ 

+ [iR(V fc / 5ij - Vjf g ik ) - V fc / Ry + Vj/ Rife] e~' . (4.2) 
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On the other hand, the following two identities hold on any gradient Ricci soliton (for a 
proof, see |4], for instance) 

V fe R = 2V p fR pk (4.3) 
VfcRij — VjRjfc = — RkjipVpf ■ (4.4) 

Moreover, since we are in dimension three, one has the decomposition of the Riemann tensor 

Rkjip — Rjfcfi'jp Rfcp5«J ^jpdik Rij'fffcp 2^"^Sik9jp 9ij9kp) • 

Combining with equation (14.411 , we obtain 

VfcRjj — VjR^ = — Vj/ Rjfc + V p / Rk P gij - V p / Rj P gi k + V/./ R^,- — ^R(Vfc/ <7y — Vjf g ik ) ■ 
Hence, substituting this in equation (|4.2|) and using relation (|4.3|) , we immediately get 

VfeTjj — VjTjfc = . 

□ 

As an application of this lemma and the results of the previous sections, we have the 
following theorem. 

Theorem 4.2. Let (M 3 ,g) be a complete, three-dimensional, simply connected, shrinking or steady, 
gradient Ricci soliton and assume that there exists an open subset U C M, where the Ricci tensor of g 
has at most two distinct eigenvalues. Then, either the manifold splits a line or it is locally conformally 
flat. 

Proof. By a result of HJ, such a complete gradient Ricci soliton generates an ancient Ricci 
flow with nonnegative sectional curvatures. Moreover, it is well known, by the properties of 
the parabolic equations, that the metric g must be analytic (see Chapter 3, Section 2]). 

If at least one sectional curvature is zero at some point, then the manifold (M 3 , g) "splits 
a line" (see [3|), that is, it is isometric to the Riemannian product of R with a surface. Hence, 
we will assume in the rest of the proof that all the sectional curvatures are strictly positive 
everywhere. 

The analyticity of the metric implies that either at every point of the open subset U all 
of the three eigenvalues of the Ricci tensor coincide, or there is another, possibly smaller, 
open subset W of M 3 such that the Ricci tensor has everywhere in W exactly two distinct 
eigenvalues. 

In the first case (U, g) is locally isometric to an Einstein manifold with positive curvature, 
then, by analyticity, (M 3 ,g) must be isometric to the sphere § 3 . Thus, we assume from 
now on that there exists an open subset W where the Ricci tensor has exactly two distinct 
eigenvalues. This implies that on W the Codazzi tensor T = (Ric— Rg/2)e~f has two distinct 
eigenvalues a, with multiplicity 2, and p, with multiplicity 1. 

As Remark 12.21 applies to this case, by Theorem 12. 1[ we have that two possible subcases: 
either around every point of W the manifold is locally isometric to a warped product of a 
surface on an interval, or the eigenvalue a of the Codazzi tensor T is constant on W, hence on 
the whole M 3 by analyticity. On the other hand, since the curvature of (M 3 , g) is strictly pos- 
itive, (M 3 , g) cannot admit equidistant totally geodesic submanifolds of dimension greater 
than one by the second Rauch comparison theorem (see [5]) and this latter subcase is ex- 
cluded. 
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In the former subcase, the leaves of the distribution V a are umbilical and the two eigen- 
values of T are constant on every leaf. Let L be a connected component of a leaf of V a . By 
Gauss formula, one has that the scalar curvature of the induced metric g a is given by 

R CT = R - 2Rq + H 2 /2 , (4.5) 

where H denotes the mean curvature of L. Since g has positive sectional curvature, one 
has Kg — 2 Ric > and we obtain that R CT is positive. We want to prove that g is locally a 
warped product on an interval of R of two-dimensional fibers with constant positive curva- 
ture. Hence, we have to show that R CT is constant on L. 

First of all, we observe that by the same reasoning as in the proof of Theorem l2.1[ we know 
that H is constant on L. Thus, it remains to show that also the quantity R — 2Rq is constant 
on L. The fact that all the eigenvalues of the tensor T are constant on L, implies that the trace 
ofT 

tr(T) = -Re _/ /2 

is constant on L. We claim that also / has to be constant on L. 

Using the adapted coordinate system as in the proof of Theorem 12. 11 we assume by con- 
tradiction that djf / 0, for some j € {1, 2} at some point of L. As <9jtr(T) = it follows that 
V/ and VR are parallel and 

RV/ = VR = 2Ric(V/, •) , 
hence, V/ is an eigenvalue of the Ricci tensor. Being djf ^ 0, then it must be 

RV/ = 2Hi«jV/ , 

which is a contradiction, as R = 2Ricj + Ric[j and Ric{] is positive by assumption (notice 
that we have used the fact that the Ricci tensor has exactly two distinct eigenvalues with the 
same eigendistributions as the Codazzi tensor T). Thus, we have proved that / is constant 
on L which implies that R is constant on L too. Then, it follows, by the definition of T and 
the fact that its eigenvalues are constant on L, that also the eigenvalues of the Ricci tensor 
are constant on L. In particular, R[j is constant on L. 

By relation (14.511 , we conclude that L has positive constant scalar curvature R CT . Hence, 
the leaf L is locally isometric to § 2 and the metric g in W is locally a warped product of an 
interval with two-dimensional spherical fibers. In particular it is locally conformally flat. 

Using once again the analyticity, we can conclude that since (W^lvy) is a locally confor- 
mally flat open subset of (M 3 , g), then the whole (M 3 ,g) must be locally conformally flat. 
This completes the proof. □ 

Remark 4.3. By the same argument, the conclusion of this theorem also holds for complete, 
three-dimensional, simply connected, expanding, gradient Ricci solitons with nonnegative 
sectional curvatures. 

Remark 4.4. Three-dimensional, locally conformally flat, gradient, shrinking and steady Ricci 
solitons were classified respectively by Ni-Wallach |7] and Cao-Chen [2J. In particular, un- 
der the assumptions of Theorem 14.21 we have that (M 3 , g) is isometric to S 3 , 1 x § 2 or I 3 in 
the shrinking case, whereas in the steady case it is isometric to M 3 or the Bryant soliton. 

If a three-dimensional, gradient, shrinking or steady Ricci soliton splits a line, then it must 
be the Riemannian product of M with a two-dimensional, gradient Ricci soliton of the same 
kind, that is, § 2 or M? in the shrinking case and M 2 or Hamilton's cigar in the steady case. 
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